A global hybrid extension of variational two-electron reduced-density matrix (v2RDM)-driven multiconfiguration pair-density functional theory (MCPDFT) is developed. Using a linear decomposition of the electron-electron repulsion term, a fraction λ of the nonlocal exchange interaction, obtained from v2RDM-driven complete active-space self-consistent field (CASSCF) theory, is combined with its local counterpart, obtained from an on-top pair-density functional. The resulting scheme (called λ-MCPDFT) inherits the benefits of MCPDFT (e.g., its simplicity and the resolution of the symmetry dilemma), and, when combined with the v2RDM approach to CASSCF, λ-MCPDFT requires only polynomially scaling computational effort. As a result, it can efficiently describe static and dynamical correlation effects in strongly correlated systems. The efficacy of the approach is assessed for several challenging multiconfigurational problems, including the dissociation of molecular nitrogen, the double dissociation of a water molecule, and the 1,3-dipolar cycloadditions of ozone to ethylene and ozone to acetylene in the O3ADD6 benchmark set.
I. INTRODUCTION
The search for a universally accurate and efficient delineation of electron correlation effects is an active area of research in modern electronic structure theory. [1, 2] For strongly correlated systems, in particular, where the multiconfigurational character of the wave function cannot be ignored, the single-determinental form of Kohn-Sham density functional theory (DFT) will fail, often dramatically so. In such cases, a natural remedy is to combine multireference and DFT methods (MR+DFT) to separately model strong and weak correlation effects, respectively. [3] The development of multiconfiguration pair-density functional theory (MCPDFT) [4] represents an important step in this direction, as this approach effectively capitalizes on the complementary strengths of complete active-space self-consistent field (CASSCF) theory [5] [6] [7] [8] and DFT to offer a robust description of nondynamical correlation effects and an ecomonical representation of dynamical correlation. Moreover, MCPDFT resolves Kohn-Sham DFT's symmetry dilemma by relying on functionals of the total density and the on-top pair-density (OTPD) [4, 9, 10] (as opposed to functionals of the spin-density), and the approach avoids double counting of electron correlation within the active space. Recently, we presented [11] a reduced-density matrix (RDM)-based formulation of MCPDFT that retains these nice properties while significantly reducing the computational cost of the underlying CASSCF calculations. As such, variational two-electron RDM (v2RDM) driven MCPDFT can be applied to challenging multireference problems that require the consideration of large active spaces.
Because commonly used [4, 10] OTPD functionals and their conventional Kohn-Sham DFT counterparts only differ only in the input densities (as opposed to their actual functional forms), the MCPDFT suffers from the same "overbinding tendency" or delocalization error [12] exhibited by familiar local spin-density approximation (LSDA) and generalized gradient approximation (GGA) exchange-correlation (XC) functionals. [13] [14] [15] [16] [17] This overbinding error arises because the electron-gas model [18] leads to an incorrect picture of the noninteracting limit, in which the Coulomb repulsion coupling strength is zero. The global hybrid scheme offers the simplest remedy for delocalization error by replacing a fraction of the electrongas exchange with its exact (Hartree-Fock) counterpart, which then leads to the correct noninteracting limit. [13] [14] [15] [16] [17] In light of the great success of the global hybrid scheme in standard Kohn-Sham DFT, several proposals have been offered that extend this approach to the multiconfiguration regime [19] [20] [21] [22] [23] [24] ; for a survey of these techniques, the reader is referred to Ref. 3 . The present study is inspired by the multiconfiguration one-parameter hybrid density functional theory (MC1H) method of Sharkas et al. [20] , which is similar to MCPDFT in that it captures nondynamical correlation with multiconfiguration self-consistent field (MCSCF) theory and the remaining dynamical correlation effects via DFT. The MC1H method has motivated the development of other MR+DFT techniques, such as pair coupled-cluster doubles λDFT (pCCD-λDFT) [21, 22] and λ-density functional valence bond (λ-DFVB), [23] where λ refers to the hybrid parameter that controls the admixture of nonlocal exchange effects. Through this parameter, both pCCD-λDFT and λ-DFVB can interpolate between DFT and a MR scheme (i.e., pCCD or VB). [19, 24] In this work, we follow the general strategy proposed in Refs. 20 and 25 within the context of the v2RDM-driven formulation of MCPDFT, and we term the resulting approach λ-MCPDFT. λ-MCPDFT differs from the MC1H approach that inspired it in two respects. First, λ-MCPDFT is not a self-consistent theory. Second, like pCCD-λDFT (and unlike MC1H), λ-MCPDFT relies on XC functionals of the total and on-top pair densities, rather than the total and spin densities.
The manuscript is organized as follows. Section II provides the theoretical details of multiconfiguration one-parameter hybrid pair-density functional theory (λ-MCPDFT). In Sec. III, we discuss the application of λ-MCPDFT to the dissociation of molecular nitrogen and the symmetric double dissociation of a water molecule, as well as to the standard O3ADD6 benchmark set. Concluding remarks and potential future directions are then provided in Sec. IV.
II. THEORY
whereâ † andâ represent second-quantized creation and annihilation operators, respectively, and the Greek labels run over α and β spins (the sum over which is implied). The symbol h p q = ψ p |ĥ|ψ q represents the sum of the electron kinetic energy and electron-nucleus potential energy integrals, and ν pq rs = ψ p ψ q |ψ r ψ s is an element of the two-electron repulsion integral tensor. Because the electronic Hamiltonian includes up to only pair-wise interactions, the ground-state energy of a many-electron system can be expressed as an exact linear functional of the the one-electron RDM (1-RDM) and two-electron RDM (2-RDM) [26] [27] [28] 
Here, the 1-RDM and the 2-RDM are represented in their spin-free forms, with elements defined as
and
respectively. Again, the summation over the spin labels in Eqs. 3 and 4 is implied.
The MCPDFT expression for the electronic energy is
where E xc is the translated (t) [4] or fully-translated (ft) [29] OTPD XC functional, and the Hartree energy, E H , is
The total electronic density and its gradient that enter E xc are defined as
respectively. The OTPD and its gradient can similarly be expressed in terms of the 2-RDM as Π(r) = 2 D pq rs ψ * p (r)ψ * q (r)ψ r (r)ψ s (r),
respectively. In the MCPDFT formalism, the 1-RDM and 2-RDM can be taken from any reference calculation capable of generating "good" RDMs that include nondynamical correlation effects. In this work, the 1-RDM and 2-RDM are taken from v2RDM-driven CASSCF calculations, and they satisfy either two-particle (PQG) [30] or PQG plus partial threeparticle (T2) [31, 32] N-representability conditions.
In order to reduce delocalization error in the MCPDFT formalism, we define the λ-MCPDFT energy expression in which a fraction λ ∈ (0, 1) of the OTPD exchange is replaced with contributions from the reference 1-and 2-RDM:
Here, the two-cumulant, 2 ∆, is the part of the 2-RDM that cannot be represented in terms of the 1-RDM and is defined according to
The complement OTPD functional,Ē λ xc [·], is given bȳ
which is the difference between the conventional exchange-correlation OTPD functional
). [20] The exchange part of the complement functional is easily defined, as it simply scales linearly with the mixing parameter λ [19, 20, 25] 
The correlation contribution to the complement OTPD functional can be obtained through uniform coordinate scaling of the density as [19, 20, 25 ]
in which the scaled density and OTPD functions are defined as [33] 
Following Ref. [20] , we neglect the scaling relations of the total density and OTPD in the correlation complement functional and definē
Using Eqs. 14 and 18, the λ-MCPDFT energy expression takes its final form:
where, for λ = 0 or λ = 1, the λ-MCPDFT energy expression reduces to that corresponding to MCPDFT or the underlying multiconfiguration reference method, respectively.
III. RESULTS AND DISCUSSION
The RDMs that enter the MCPDFT and λ-MCPDFT equations were obtained from v2RDM-driven CASSCF calculations performed using a plugin [34] Relative to the case of N 2 , the optimal mixing parameters, in general, are smaller for this problem. The only exception is tPBE, where the optimal value of λ = 0.45 is clearly larger than the optimal value for N 2 dissociation (0.0). We again note that the inclusion of nonlocal exchange effects significantly reduces the NPEs, in general, and the variation in the performance of λ-MCPDFT functionals is much less than that of the MCPDFT functionals. In [20, 51] Here, we apply the MCPDFT and λ-MCPDFT methods to this data set, using the aug-cc-pVTZ basis set [44] and geometries for the stationary points given in Ref. 52 . We identify the optimal nonlocal exchange mixing parameter, specific to the O3ADD6 benchmark set, for several λ-MCPDFT functionals by minimizing the mean absolute error (MAE) in the relative energies of the stationary points and the isolated reactant molecules.
The reference values to which the calculated relative energies are compared are taken from Ref. 52 . Fig. 4 depicts the MAEs in the calculated relative energies as a function of λ, and the data clearly convey the importance of nonlocal exchange effects for this problem, particularly in the case of λ-tSVWN3 and λ-ftSVWN3. For all functionals considered, the inclusion of some fraction of nonlocal exchange is beneficial, although this fraction is, in general, smaller than the optimal fraction for minimizing the NPE in the N 2 and H 2 O dissociation curves considered above. The optimal λ values, which are tabulated in Table I and in Table S1 in the Supporting Information, are insensitive to the choice of N-represetability conditions. The only functional that requires a different mixing parameter under different N-representability conditions is tSVWN3, and this value only changes by 0.05 in this case. One possible reason for this insensitivity is the small size of the active spaces considered. For example, for the (2e,2o) active space, the two-particle conditions alone are sufficient to yield ensemble-state N-representable RDMs. We note that the quality of the λ-MCPDFT results, like that of the v2RDM-driven CASSCF, is independent of the N-representabilty of the underlying RDMs, in this case. As mentioned above, the likely reason for this behavior is the small size of the active spaces employed. Both sets of conditions we consider yield exact CASSCF RDMs for systems with (2e,2o) active spaces, and the (4e,4o) active spaces are not so large that we would expect significantly differences to arise between RDMs satisfying the PQG and PQG+T2
conditions. We also note that full translation of the OTPD functionals does not necessarily lead to a reduction in the MAEs associated with MCPDFT or λ-MCPDFT. For example, a fully-translated PBE functional with a 20% admixture of nonlocal exchange (the optimal value for this fully-translated functional) performs slightly worse than the corresponding translated functional; the MAE in this case is 2.28 kcal mol −1 . A complete set of O3ADD6 relative energies and MAEs for translated and fully-translated MCPDFT and λ-MCPDFT can be found in the Supporting Information.
IV. CONCLUSIONS
We Not surprisingly, the admixture of nonlocal exchange improves the quality of the MCPDFT energy, as measured by NPEs in molecular dissociation curves and the performance of the approach when applied to the O3ADD6 benchmark data set.
The results presented herein represent a best-possible scenario for the accuracy of λ-MCPDFT, in that the mixing parameter is system dependent and chosen specifically to minimize the error for the case in question. A universally useful λ-MCPDFT formalism would require a single mixing parameter optimized over a large data set. Alternatively, the accuracy of the approach could be improved, in principle, by choosing a local mixing parameter, [53] [54] [55] [56] [57] f (r), as opposed to a constant value λ, which could be defined in terms of the total density and the OTPD. In addition, the MCPDFT formalism could be futher improved by generalizing the OTPD functionals to consider range separation of the coulomb interaction (see Ref. 22 , for example) or double hybrization.
Lastly, we highlight one unfortunate formal aspect of λ-MCPDFT. One of the nice properties of MCPDFT is that, unlike some other MR+DFT methods, it avoids double counting of electron correlation within the active space. However, upon introducing a nonzero exchange mixing parameter, λ, this property is formally lost in λ-MCPDFT. The two-cumulant in Eq. 11 introduces some correlation effects within the active space that may also be described by the OTPD functional. Presumably, this double counting is minimized along with the total error in any fitting procedure used to determine λ, but we cannot formally guarantee that this is the case.
